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Notation

Vectors lowercase letters vleftbeginmatrix426endmatrixright
Column matrices

Matrices uppercase letters Mleftbeginmatrix2731endmatrixright
Transpose flip across diagonal dimension flip

Symmetric

VTleftbeginmatrix426endmatrixrightMTleftbeginmatrix2371endmatrixright MMT



Matrix multiplication recap

mleftbeginmatrixmtimesnnendmatrixrightleftbeginmatrixnntimesppendmatrixrightmleftbeginmatrixmtimesppendmatrixright

inner
dimshared

Easy case n1uTv

uvinmathbbRpartialleftbeginmatrix430endmatrixrightleftbeginmatrix227endmatrixright423cdot207

dot product
inner product

14

Bigger matrices dot every row cool

leftbeginmatrix766430111endmatrixrightleftbeginmatrix21222147136endmatrixrightleftbeginmatrixi14ii1endmatrixright



Special matrices vectors

ei ith standad basis vector

e1leftbeginmatrix100vdotsendmatrixright e2leftbeginmatrix010vdotsendmatrixright
e3leftbeginmatrix001vdots1endmatrixright10leftbeginmatrix11vdots1endmatrixrighttimes0

o0leftbeginmatrix00vdots0endmatrixrighttimes0Ipartialleftbeginmatrix101ddots011endmatrixright

identity matrix

in
mathbbR0

Ex
whyReason I0VV for all VinmathbbRpartial

Exercises What is eiTej
What is sum_iinlefttrighteieiT
What is a

T
Mv



Special name for uTusum_iinleft0rightui2lefturight22
Weinterpret leftright2 as length

Pythagorean

theorem

Subspaces

Ex Suppose leftbeginmatrix100endmatrixrightleftxright7

leftbeginmatrix624endmatrixrightleftxright12

Whatis

leftbeginmatrix924endmatrixrightleftxright1

left61428rightleftxright



How can you tell Redundant hints

Say I give you n equations in unknown xinmathbbRpartial

a1Txb
a2Txb2

vdots

anTxbn

linear system

What else do you know

aTx for any

ac1a1c2a2ldotscnan

We call all such a the Span of a1ldotsan

We say vectors a1a2cdot an are linearly independent

if c1a1c2a2ldotscnanneqo0 forallbeginmatrixL1C2vdotsCnendmatrixneq0CvdotsCn
equiv aineqspanleftbeginmatrixa1a2ldotsai1ai1ldotsanendmatrixright



Ex What is span leftleftbeginmatrix120endmatrixrightleftbeginmatrix230endmatrixrightright
Are leftbeginmatrix263endmatrixrightleftbeginmatrix105endmatrixrightleftbeginmatrix202endmatrixright

linerly
indesendent

We say SsubseteqmathbbRd is a subspace if it's

the span of some set of vectors

X

Observation uinSvinS
then alphaubetavinS for any scales alphabeta

Proof Write Ss pan leftbeginmatrixV1V2ldotsVnendmatrixright
UC1V1C2V2ldotsCnVn
VC1V1CV2ldotsCnVn

Then clearly du BU is also linlomb of



Fact KSsubseteqmathbbRd is a subspace

S is the span of any maximal linearly

independent set of leftbeginmatrixv1v2vkendmatrixrightsubseteqS
can't add another vector wo creating dependence

All maximal independent sets have some size

dimension of S write dim leftsrightk

Ex

Same span also same size k2



We call maximal set of lines independent vectors

leftbeginmatrixv1v2vkendmatrixrightsubseteqS a basis for S

How to choose a nice basis

Recall that every VinS canbe written

VC1V1C2V2ldotsCkVk

Ex Suppose SmathbbR2subsetmathbbR3

Which of the following bases is easiest

to determine L1C1 for Vleftbeginmatrix370endmatrixrightinS7
leftbeginmatrix100endmatrixrightleftbeginmatrix010endmatrixrightleftbeginmatrix35450endmatrixrightleftbeginmatrix45350endmatrixright leftbeginmatrix220endmatrixrightleftbeginmatrix230endmatrixright

Opton3Option 2Option 1



Orthonormal basis for SsubseteqmathbbR0 dimleftSrightk
Span leftbeginmatrixu1u2ldotsukendmatrixrightS

leftuiright221foralliinleftKright
uiTuj0forallineqjinleftkright

recall it's leftuiright2u j 2costheta
Cos theta0Leftrightarrowthetapmfracpi2

Concise formula Uleftbeginmatrixu1u2ldotsukendmatrixright
UTUleftbeginmatrixvdotsldotsuiTujldotsvdotsendmatrixrightIk

Observation UUTVVforallVinS
sum_iinleftkrightleftuiTVrightui easy coefficients

normal
ized

ortho
gonal

Ui

uj


